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1. INTRODUCTION 
There are two types of transformations in the calculus of variations under 
which the fundamental integral may be invariant. The first of these is an 
arbitrary transformation of the independent variables, in which case the 
integral is said to be parameter invariant. The second type of transformation 
is an r-parameter local Lie group which acts on the configuration space for the 
problem. The consequences of imposing parameter invariance on a varia- 
tional problem have been investigated by Noether [l], Hilbert [2], and more 
recently by Rund [3, 41. Of course, parameter invariance of a variational 
problem is a special case of the second Noether theorem which imposes 
invariance under an infinite continuous group, i.e., a group depending upon 
arbitrary functions and their derivatives up to some given order (see [5]); 
however, this point of view is not always taken. On the other hand, invariance 
under an r-parameter Lie group, according to the first theorem of Noether, 
leads to Y  invariance identities (the Noether identities) which along an extre- 
ma1 lead in turn to r conservation laws for the system. 
One of the most recent results involving invariant variational problems has 
been obtained by Rund [6] who has given a new set of invariance identities for 
variational problems which admit an r-parameter local Lie group. These 
new identities, which are more fundamental than the Noether identities in 
that they imply the latter under certain addition assumptions, are the subject 
of this paper. In particular, we shall study the nature and consequences of 
these identities in the special case of conformal invariance of a multiple 
integral in the calculus of variations. We begin in Section 2 by defining what 
it means for the fundamental integral to be invariant, and we state the new 
invariance identities; in Section 3 the special conformal group is defined in 
Minkowski space. In the remaining sections we derive the conformal identi- 
ties, assuming that the underlying space is Minkowskian. We shall impose two 
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different assumptions on the field functions, namely that they form either a 
scalar field, and are hence invariants, or that they are the components of a 
covariant vector field. 
2. THE INVARIANCE IDENTITIES 
Let t = (tl,..., P) denote a point in some given closed, simplyconnected 
domain DC Rm, and let x = (xl,..., xn) denote an arbitrary point of Rn. 
Then in the configuration space Rm+n consisting of points (P,..., tm; xl,..., xn) 
an m-dimensional hypersurface C, can be represented parametrically in the 
form 
xk = xk(t), k = I,..., n. 
We assume that the functions x”(t) are of class P(D), and we denote their 
partial derivatives by 
*k-E 
@. - ata ’ K=l,..., n; or=1 ,..., m. 
Here, and in the sequel, lowercase Greek indices a, p,..., will have range 
1, 2,..., m, and lowercase Latin indices j and k will have range 1, 2,..., n. We 
further assume that the a?ak are linearly independent, or, which is the same 
thing, 
rank($a”) = m. 
Given a Lagrangian function L: Rm+n+mn --+ R1 of class C2 in each argument, 
we form the variational integral 
J(C,) = s, L(tl,..., tm; xl(t) ,..., x”(t); 5$(t) ,..., fflyt);...; &&l(t) ,..., %%yt))dt, 
or, in more concise notation 
J(G) =s, W, 4th W) 4 (2.1) 
where dt = dt 1 ,..., dtm. 
We assume in addition that there is given an r-parameter transformation 
group on configuration space of the form 
P = t*(t, x; 2 )..., E?), 
3 = P(t, x; 3 ,...) c’), 
40914W-20 
(2.2) 
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where the functions P and fk are functions of class C2(Rm+n+r) and where 
the zero value of the parameters, i.e., e1 = ~2 = *.a = or = 0 gives the identity 
transformation t= = P and ffk = xk. By Taylor’s Theorem, the right-hand 
sides of Eqs. (2.2) can be expanded about e1 = ~2 = *.a = 61 = 0 to obtain 
P = t= + Ts=(t, x) es + .“, 
E” = Xk + &‘C(t, x) E8 + *-*, (2.3) 
where the three dots, . . . . denote higher-order terms in the E* and where the 
summation convention of summing repeated indices is understood unless 
stated otherwise. The quantities rsa(t, x) and fSk(t, x), which are the generators 
of the infinitesimal group, are given by 
7gqt) x) = atqt, x; El,..., E’) ac* c=o 
and 
In the sequel we shall omit the arguments and just write T$~ and x,*. The index 
s will always have range I,..., r. 
We are now in a position to define precisely what is inferred by saying that 
the functional J(C,) is invariant under an r-parameter Lie group such as 
the one given by (2.2). Here we shall give a slightly more general version of 
the definition of invariance than the one given by Rund [6] by inclusing a 
divergence term. 
DEFINITION. The fundamental integral J(C,J defined by (2.1) is diver- 
gence-invariant under the r-parameter Lie group given by (2.2) if and only if 
there exist rm functions @SE(r) x) of class C1(R”fn) such that 
qt, K(i), ii(i)) Ll = qt, x(t), A(t)) + E8 -$ as,“, (2.4) 
where d is the functional determinant defined by A = det(afa/W). In (2.4), 
by S(i) we mean the set of partial derivatives Sk(i)/@. Following the tech- 
nique as applied in Rund [6] and Logan [5], Eq. (2.4) can be differentiated 
with respect to ~8, after which we set 3 = *a. = or = 0. This leads to the 
following theorem. 
THEOREM 1. A necessary condition for the fundamental integral J(C,,,) 
defked by (2.1) to be divergence-invariant with respect to the transformations 
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(2.2) is that the Lagrangian L and its derivatives satisfy the r identities 
These Y  equations are not conservation laws, but rather r differential 
identities in t xB and 5”. Consequently, these identities involve only first 
derivatives of’the field functions, whereas the classical Noether identities 
involve at least second-order derivatives. In (2.5), the operator d/dt” denotes a 
total derivative, i.e., 
-&F(t, x) = $ + j$ kmk. 
In the case that d)s”(t, x) = 0 for all (Y and s, we shall say that J(C,) is 
absolutely invariant under the given transformation. If  in addition there is no 
transformation of the field functions xi(t), then t,j = 0 for all j and s, and 
under absolute invariance the identities (2.5) become 
aL 
% rg (2.6) 
For single integral problems (m = 1) Eqs. (2.5) reduce to the equations 
obtained earlier by Logan [7] in the case of time translations as one of the 
transformations. 
3. THE SPECIAL CONFORMAL GROUP 
We now introduce the group under which we shall impose invariance of the 
fundamental integral; this is the special conformal group C,, which, in 
Minowski space, is a 15-parameter infinitesimal group consisting of space- 
time translations, the proper homogeneous Lorentz transformations, a scale 
transformation, or dilation, and inversions which in the physics literature 
are sometimes called the transformations of uniform acceleration. 
With respect to applications, conformal invariance was introduced into 
mathematical physics in 1909 when Bateman [8] showed that Maxwell’s 
equations in electromagnetic theory were not only invariant under the 
lo-parameter Lorentz group but also under the larger group C,, . Concerning 
variational problems, Bessel-Hagen [9] in 1921 showed that the fundamental 
or action integral for the electromagnetic field was conformally invariant, and 
he derived the resulting 15 conservation laws using the first Noether theorem. 
We refer the reader to [lo] for further background. 
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Following the usual notational convention, we shall adopt the time-space 
coordinates tr = ict, t2, ts, t4 of special relativity, where i2 = -1 and c is the 
velocity of light in vacua, for our discussion. Although complex coordinates 
are somewhat unwieldy, they do generate antisymmetry in certain quantities 
which appear in the transformations, whereas the antisymmetry would not 
otherwise be present; in addition, the Minkowski metric g,, takes on the 
simplier form g,a = 0, if OL # 8, and g,, = 1, 01 = l,..., 4. In terms of these 
coordinates, the special conformal group can be written explicitly as follows. 
(i) Translations (four parameters) 
P = I? + E”. (3.1) 
(ii) Rotations (six parameters) 
p = p + &y, ,a8 = -&8. (3.2) 
(iii) Dilation (one parameter) 
i” = t’X + yta. (3.3) 
(iv) Inversions (four parameters) 
fa = it” + (2m, - t”t”S/jy 7”. (3.4) 
In (3.4), SBu is the Kronecker delta; the 15 parameters are Ed, wars, y, and $. 
In the following, all lowercase Greek indices will have the range l-4. Note 
that the index s of the last section has been replaced by lowercase Greek 
index. 
4. INVARIANCE IDENTITIES-VECTOR FIELD CASE 
We now determine the form of the identities (2.5) in the case of the special 
conformal group. We shall require, however, a slight revision of the notation 
put forth in Section 2. In the following, we shall have m = 4 and rr = 4, so 
there is no need to distinguish between Latin and Greek indices; hence, we 
shall adhere strictly to the latter in the following. In the case we are going to 
consider, the fundamental integral takes the form 
J(C,) = JJ&L(t’,..., t*; xl(t) ,...) x”(t); 41(t) ,...) 24yt);...; it?(t) ,..., q(t)) 
x L&l,..., dt4. (4.1) 
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From the definition of the conformal group in the previous section, the gener- 
ators ~~~‘(t, X) are determined directly from (3.1)-(3.4). The generators 
EA”(t, x), however, depend on the transformation law of the field functions 
x”(t) under the conformal group which, in turn, is determined completely 
by the tensorial character of the field functions. We begin by assuming that 
the x”(t) are the components of a coerariant vector field, i.e., we assume 
Using (4.2), it follows that if 
ta = tm + y(t, x) &, 
then 
P(i) = x” + (-.x6 3J &. 
Therefore the generators fAha(t, X) are given by 
So that the results will apply to the electromagnetic field, we assume that 
J(C,) is absolutely invariant, i.e., QAa = 0 for all OL and A. 
First, we consider spacetime translations. In this case the generators of the 
infinitesimal group are, from (3.1) and (4.3), 
Consequently 
and Eqs. (2.5) become 
or 
aL 0 -= , atA h = 1,2,3,4. (4.6) 
These four indentities state that the Lagrangian cannot depend explicitly upon 
the spacetime coordinates tl,..., t4. 
Now we consider the dilation, or scale transfmmation, given by (3.3). 




dt,B= v and dt” = 4. 
(4.7) 
(4.8) 
Using (4.3), we find that 
E”=-x”, 
and consequently 
Upon substitution of the above quantities into (2.5), the invariance identity 
simplifies to 
i&.-!&.-p B %+4L=o. (4-9) 
Invariance under the proper homogeneous Lorentz transformations (3.2) 
will lead to six identities. If we denote by S the set 
s = #,2), (1, 3), (1,4), (2, 3), (2>4), (3,4)), 
then the generators can be written 
aia 
T’tY”, = - awuv = + (S,“t’ - S,“P), (th 4 E !- (4.10) 
Here, of course, the index pairs (pv) play the same role as the single index s in 
(2.5). The derivatives of these generators are computed to be 
whence 
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In this case, Eqs. (2.5) then become 




T,4 ‘I = 2t*t” - pyS u A (4.15) 
Hence, 
Using (4.3), we find that 
(4.17) 
En* = -2XfyP8,~ + t”8,fJ - P8,@). 
Consequently, after some calculation, 
dEnD 
Substituting the above quantities into (2.5), we obtain after simplification 
the equation 
where X = l,..., 4. 
(4.18) 
The invariance identities under translations, dilations, rotations, and 
inversions are given separately by (4.6), (4.5), (4.13) and (4.18), respectively. 
If we allow the entire group to act on the space, then using (4.6) and defining 
the quantities M,,a by 
(4.19) 
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we observe that Eqs. (4.13) can be written simply as 
M,u = 0, (PL, 4 E s. (4.20) 
On the other hand, substitution of (4.6) and (4.9) into (4.18) yields, after 
much simplification and rearrangement of the indices, the equation 
XOL(P~= + &^) + tmMaA = 0. (4.21) 
It is obvious from the definition of Mea in (4.15) that 
Mom = -Mae and Mam = 0. 
This antisymmetry of M along with (4.20) causes Eq. (4.21) to become 
XoL(PAol + Pa”) = 0. 
Consequently, we can state the following theorem. 
THEOREM 2. Let J(C,) be giwen by (4.1) where x’(t),..., x”(t) are the com- 
ponents of a covariant vector Jield. Then, a necessary condition for J(C,) to be 
absolutely invariant under the special conformulgroupgiven by (3.1)-(3.4) is that 
the Lagrangian satisfy the following jifteen identities. 
(i) j$- = 0, h = l,..., 4. 
Cii) 
aL aL 
axor x" + 2 aqa - 4” = 4L. (4.22) 
(iii) M,p = 0, (P, 4 E s. 
(iv) Xa(PAa + P,“) = 0, x = l,..., 4, 
where pea and Mea are defkd by (4.14) and (4.15), respectively. 
5. SOME CONSEQUENCES 
First, we remark that the results of the previous sections apply to the 
electromagnetic field. In this special case, the Lagrangian L is given by 
L = - $&” - &/)2, (5.1) 
where xl(t),..., x”(t) are the components of the four-potential for the field. 
It is not difficult to see that this Lagrangian satisfies identities (4.22). 
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In general (4.221) states that the Lagrangian cannot depend explicitly 
on the spacetime coordinates. Equations (4.22iv) state that the momentum 
complex%a is antisymmetric; in the special case of the electromagnetic field, 
this fact just expresses the antisymmetry of the electromagnetic field tensor 
which, of course, follows obviously from its definition. Equations (4.22iii) 
express a relationship between the momenta and velocities. For the electro- 
magnetic field, 
and using the Hamiltonian complex 
(5.2) 
Eqs. (4.22i.G) can be expressed 
(Hv” - H,,“) + L(6,u - SUy) + FU,nEV - Fy&u = 0, 
for (p, V) E S. 
Perhaps the most interesting general consequence of Eqs. (4.22) arises in 
the dilation Eq. (ii) since it leads to a homogeneity property of L. In fact, we 
have the following theorem. 
THEOREM 3. Suppose that the Lagrangian 
L = L@?(t) ,...) $(t);...; &4(t) )..., 3i44(t)) 
depends only on derivatives of the field functions, and further suppose that 
J(C4) = s/&L dtl,..., dt4 
is absolutely invariant under a scale transformation (3.3). Then it necessarily 
follows that L is a homogeneous f nction of degree two, i.e., 
L(tz, ,...) t,?+) = PL(z, ,..., .+J 
where the arguments of L are denoted by z1 ,..., xls . 
The proof of the theorem follows from Eq. (4.22ii) which becomes 
since L does not depend on the spacetime coordinates or the field functions. 
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The homogeneity then follows from Euler’s theorem: If u = ~(zi ,..., z,) 




... + &zn = ku, 
7% 
then u(tz, ,..., tsn) = t%(z, ,..., z,) (see [ll, p. 11-121). 
6. THE SCALAR FIELD 
A scalar field is described by a single field function x(t) = ~(tl,..., t4) 
which is invariant under (3.1)-(3.4), i.e., 
n(r) = x(t). 
Consequently, the generators & are given by 
55 = 0 
in the case of each separate transformation. Therefore, the relevant invariance 
identities are given by Eqs. (2.6). Again, we impose absolute invariance on 
the fundamental integral, which in the present case, is defined by 
J(C,) = s,sjD4L(t1 ,..., t4; x(t), kl(t) ,..., k4(t)) dtl *-- dt4, (6.1) 
where we denote the derivatives of x(t) by 
49 %=a,,, a = l,..., 4. 
Using (4.4) and (4.5) in (2.6), invariance under the translations (3.1) yields, 
as before, the four identities 
aL 0 s=’ h = l,..., 4. (6.2) 
Using (4.7) and (4.8) in (2.6), invariance under a dilation gives the single 
identitv 
(6.3) 
Under rotations, (4.10), (4.11) and (4.12) hold true, and consequently, 
Eqs. (2.6) become 
(6.4) 
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where (CL, V) E S. Finally, invariance under inversions according to (4.15)- 
(4.17) and (2.6) yield the four identities 
g (21@ - PYG,“) - 2&p $ - 2&P g + 2,qp g + 8LtA = 0. 
a a A 
(6.5) 
Using (6.2), Eqs. (6.3)-(6.5) become 
The fact that the left-hand side of (6.7) . IS antisymmetric in p and Y reduces 
(6.8) to Eq. (6.6). Therefore, (6.8) is a consequence of (6.2), (6.6) and (6.7). 
We can state the following. 
THEORRM 4. Let J(C,) be given by (6.1) where x(t) is a SC&Y function. 
Then, a necessary condition for J(C,) to be absolutely invariant under the special 
cmfornud group is that the Lagrangian satisfy the following elevem identities. 
(i) Z$ = 0, h = I,..., 4. 
aL 




- - 3i; - = aJ;; akv 0, 64 4 E s. 
Equations (i) state again the independence of L on spacetime coordinates. 
Equation (ii), using (5.2), leads to the fact that the trace of the Hamiltonian 
complex vanishes; that is, 
H,” = 0. 
In addition, from (ii) it follows that the Lagrangian 
L = L@(t), II(t),..., &*(t)) 
must be homogeneous of degree four in its derivatives, or, in other words, 
L(% , $2 ,***, tz,) = t*L(z, , ,x2 ,..., X6). (6.10) 
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This fact follows from differentiating (6.10) with respect to t and then setting 
t = 1. 
More significant, however, is the fact that Theorem 4 enables one to 
characterize the set of scalar invariant Lagrangians. To see this, let L be a 
nonvanishing Lagrangian satisfying Eqs. (6.9). First, we note that (6.9iii) 
holds for all CL, v = l,..., 4, and not just (p, V) E S. Therefore, multiplication 
of (6.9iii) by 3i; and summation over p yields, by virtue of (6.9ii), 
or 
& (1ogL) = 2 
Y P I.4 
= 2 2 (log(R&)) . 
Y 
Therefore, 
w, 4 = f(x) @&J2, (6.11) 
wheref(x) is an arbitrary function of the conformal scalar x. Therefore, this 
argument shows that the only Lagrangian satisfying the conditions of Theo- 
rem 4 is of the form (6.11). 
These observations lead one to suspect that a similar characterization may 
hold true for conformally invariant covariant vector fields; this is indeed the 
case, subject to certain additional restrictions. For example, it is known from 
physical considerations that in the theory of vector fields only the curl, 
namely 
F,, = 3iaB - kBo, 
plays a role, and not the derivatives. Therefore, we restrict ourselves to 
Lagrangians of the form 
L = G(F), (6.12) 
where F = F,,F,, . We note that the dependence of F on the ta is precluded 
by (4.22i); in addition, the absence of a factor 2 in the first term on the left- 
hand side of (4.22ii) seems to exclude the spin 1-nonzero mass field (see [12]), 
so that, in the first instance, L may be regarded as a function of the F,, only. 
Now from (6.12) it follows that 
aL - = ; @'(F)F,,&Q," - $hS,Y) = @'(F)FA,. 
@-,a, (6.13) 
Conditions (4.2iii) and (4.22iv) are then automatically satisfied, and since 
aL aL 
-=-4aF,,' a*!j= 
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it follows that condition (4.22ii) reduces to 
SF,, =L = Q(F). 
aI3 
(6.14) 




which is the known Lagrangian (5.1) of the photon field. Therefore, subject 
to the restrictions mentioned above, this is the only Lagrangian satisfying 
the conditions of Theorem 2. 
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